The study of multi-wavelength flux variability in BL Lacertae objects is very important to discern unstable processes and emission mechanisms underlying their extreme observational features. While the innermost regions of these objects are not accessible from direct observations, we may draw conclusions about their internal structure via the detection of flux variations on various timescales, based on the light-travel argument. In this paper, we review the sub-hour X-ray variability in high-energy peaked BL Lacertae sources (HBLs) that are bright at X-rays and provide us with an effective tool to study the details related to the physics of the emitting particles. The X-ray emission of these sources is widely accepted to be a synchrotron radiation from the highest-energy electrons, and the complex spectral variability observed in this band reflects the injection and radiative evolution of freshly-accelerated particles. The detection of sub-hour X-ray flux variability is very important since it can be related to the small-scale jet turbulent structures or triggered by unstable processes occurring in the vicinity of a central supermassive black hole. We summarize the fastest X-ray variability instances detected in bright HBLs and discuss their physical implications.
Introduction
The BL Lacertae objects (BL Lacs) are active nuclei of elliptical galaxies [1] showing a rapid variability at all frequencies, high and variable radio-optical polarization, compact and flat-spectrum radio emission, superluminal motion of some radio-components, smooth and broad non-thermal continuum covering the entire electromagnetic spectrum from the radio range to γ-rays and the absence of emission lines in the optical band [2] .
Along with the flat-spectrum radio quasars (FSRQs), BL Lacertae objects form one of the extreme classes of active galactic nuclei (AGNs), blazars, which can be powered by the accretion onto supermassive black holes (SMBHs) and have relativistic jets pointed along the observer's line-of-sight [3] . The Doppler boosting is related to the combination of relativistic speed and a small jet inclination angle that amplifies the observed flux, shifts the observed emission to higher frequencies and decreases the variability timescale. This effect is crucial to preserve the γ-ray photons from the strong attenuation by the surrounding low-energy radiation field (via the photon-photon pair production mechanism). Thanks to their widely-extended spectral energy distribution, covering the 18-19 frequency decades, blazars can be detected at any frequency in this range. These sources are the most numerous among the identified high-energy (HE, E ą 1 MeV) point sources observed with the short as 20 min in January-April 2001 [21] . The work in [22] revealed a VHE flux-doubling time of about 36 min from the MAGIC observation of Mrk 421 performed on 29 April 2006. In the case of Mrk 501 (z = 0.034), the most extreme variability with flux-doubling times down to 2 min and flux variations by a factor of 10 in less than one hour was reported by [23] from the MAGIC observations performed on 30 June and 9 June 2005. Moreover, it underwent an extreme VHE variability during the HEGRAobservations in April 1997, boosting its brightness by a factor 20 [24] , and the MAGIC campaign showed a variability by a factor of 23, including a flare by a factor of four in 4 d in April-August 2013 [25] . Finally, the source showed a flux-doubling time shorter than 10 min during the HESSobservations of 23-24 June 2014 [26] .
A southern TeV-detected HBL source PKS 2155-304 (z = 0.116) underwent an extreme VHE flare on 28 July 2006, reaching a flux level of "7 Crab above 200 GeV, and the peak fluxes, measured with 1-min time intervals, were twice higher. Moreover, lower amplitude flares on timescales of about 200 s were also detected [27] . On 29 July, The VHE flux boosted to "11 Crab, with the increase/decay timescales of "1 h [28] . The earlier HESS campaign in 2002-2003 also showed an extreme increase by a factor of 2.7 in "0.5 h.
The largest variability in the TeV energy range is expected in the framework of one-zone SSC scenarios. Namely, a quadratic relation should be observed during the X-ray and VHE fluxes in the Thomson regime (see Aharonian et al. [28] ). However, the aforementioned flares in PKS 2155-304 showed a cubic relation between the X-ray and VHE fluxes that is impossible to produce within one-zone SSC scenarios. However, a bigger challenge was posed by a so-called "orphan" TeV-flare in another nearby TeV-detected HBL source 1ES 1959+650 (z = 0.048) on 4 June 2002 when an extreme VHE γ-ray flare by a factor of "15 in 5 h was not accompanied by those in other spectral bands [29] .
On the other hand, the variability of the timescales becomes progressively greater with the decreasing observation frequency and can be as long as a few years in the radio-optical part of the electromagnetic spectrum (see, e.g., Lindfors et al. [30] ).
The shortest variability timescale t min can be used to evaluate the central black hole mass M BH as [31] :
Moreover, the timescale of the particular variability instance may constrain the upper limit of the jet area, producing the variable emission as follows [32] :
where δ is the Doppler factor of the emission zone producing this variable flux:
with Γ the bulk Lorentz factor of the emission zone; β the ratio of the velocity of this area to c (the speed of light in vacuum); θ the angle between the jet and our line-of-sight. Since HBLs generally show their synchrotron and higher-energy peaks at X-rays and VHE γ-rays, respectively, they are expected to undergo the strongest and fastest flux variability in these energy ranges. According to the basic scenario (see, e.g., Chiapetti et al. [33] ), the X-ray emission is due to synchrotron radiation from the highest-energy electrons, and the complex spectral variability observed in this band therefore reflects the injection and radiative evolution of freshly-accelerated particles. Therefore, the detection of sub-hour X-ray flux variability may provide us with very important information about the sizes of the smallest-scale jet turbulences and draw conclusions about the properties of ultra-relativistic particles.
The Wolter-type telescopes NuSTAR [34] and X-ray Telescope (XRT) onboard the satellite Swift [35, 36] provide us with an opportunity to detect sub-hour X-ray variability of HBLs occurring on timescales as short as a few hundred seconds. Thanks to the unique characteristics, good photon statistics and low background counts of these instruments, we can investigate a flux variability on different timescales from minutes to years, obtain high-quality spectra for the majority of the observations, derive different spectral parameters and study their timing behavior.
Generally, the flux variability in blazars is broadly divided into three classes based on their duration (see, e.g., Gupta et al. [37] , Wagner and Witzel [38] ): (i) long-term variability (LTV), with timescales from several months to years; (ii) short-term variability (STV), occurring on timescales from several days to a few months; (iii) intra-day variability (IDV), involving brightness fluctuations during the time intervals from a few minutes to less than one day.
X-Ray Microvariability within 1 ks Intervals
We performed an intensive search for the intra-day X-ray variability for different bright HBLs (see 39] , etc.). For this purpose, we constructed light curves with different time bins and used the variability indicator introduced by [40] . For the particular observation with the fluxes F i pi " 1, . . . , Nq, each with the standard error σ i , we computed the quantity:
which should be distributed as χ 2 with N´1 degrees of freedom in the case of purely random errors. We consider the source to be variable if the probability PpX 2 q of exceeding the observed X 2 by chance is ă0.1 percent, and it is classified as non-variable if the probability is ą0.5 percent (see Andruchow et al. [41] ). We provide a summary of the IDVs in Tables 1-3 , which were detected for different bright HBLs at the 99.9 percent confidence level (compiled using the results provided in our aforementioned papers). For each instance, the fractional root mean square (rms) variability amplitude and its error were calculated as [42] :
F var " 100ppS 2´σ2 err q{Fq 1{2 %,
with S 2 the sample variance; σ 2 err the mean square error; F the mean flux. Table 1 also contains the ranges of the spectral parameters, which are derived from the spectra extracted from the segments of the given observation. Namely, the 0.3-10 keV spectra of HBLs generally are curved and fit well with the log-parabolic model [43] :
with E 1 the pivot energy fixed to 1 keV; a the photon index at the energy E 1 ; b the curvature parameter. By means of the best-fit values of the parameters a and b, the position of the SED peak and the flux at the peak are calculated as:
Mrk 421 has shown the most violent sub-hour variability in the 0.3-10 keV energy range. Table 1 presents the list of the IDVs observed within 1 ks observational runs of Swift-XRT. Figure 1 presents the light curves from the observation with ObsID 00080050019 (12-13 April), corresponding to the epoch of the highest historical X-ray maximum during the giant X-ray outburst in April 2013. This extended observation was split into eight parts corresponding to the different Swift orbits. The XRT pointing to Mrk 421 during each orbit lasted less than 1 ks and exhibited a flux variability with F var = 2.2(0.4)%-5.9(0.3)%. After the flux increase by about 10% during the first orbit lasting 420 s, the source showed a lower brightness (about 25% smaller) during the second orbit ( Figure 1 ). The time separation between these orbits was 3.8 ks. After the fluctuations by 4-7% during Orbit 7 (lasting 840 s), the flux showed a brightening by 17% in the first 240-s segment of Orbit 8 (starting after 4.86 ks), followed by a decay by 10%. Other IDVs were characterized by fractional amplitudes F var = 1.9-6.7%. During some IDVs, the source showed a spectral variability with the ranges ∆a = 0.08-0.09, ∆b = 0.12-0.17, ∆E p = 0.5-8.2 keV (see Columns (5)- (7) Other bright HBLs have shown X-ray flux variability at the 99.9% confidence level on timescales shorter than 1 ks very rarely. Namely, only one instance per object is seen for 1ES 1959+650, Mrk 501 and PKS 2155-304. Namely, the latter source showed a very fast instance during its low X-ray state on 15 July 2011 (MJD 55757) with almost a symmetric flare profile exhibiting brightness increase and drop by "30% in "400 s (see Kapanadze et al. [39] ).
Along with the instances summarized in Table 1 , Mrk 421, 1ES 1959+650 and Mrk 501 exhibited a flux variability at the 99.9% confidence level within some 1 ks parts of the XRT observations listed in Table 2 (see the next section). Figure 2 presents the four very fast instances from the 3-79 keV observations of Mrk 421 performed on 6 and 12 February 2013 with NuSTAR (see Table 3 for the corresponding summary). The observations at hard X-ray frequencies provide a direct insight into the highest energy particles through detection of synchrotron emission [25] . Moreover, the NuSTAR observations allow us to study the properties of the lower energy particles via the detection of the IC-emission produced via the photon upscattering by lower energy electrons. Note that the energy-dependent cooling timescale can lead to more rapid variability at hard X-ray frequencies than in the soft X-ray energy range [25] .
During the instances presented in Figure 2 , the source showed a brightness decline by 90% in 360 s and increases by 20-50% in 240-450 s. The 3-79 keV flux variability at the 99.9% confidence level was also observed within some 1 ks parts of the longer-term instances listed in Table 3 . The work in [44] reported on the fastest flux doubling time scale of 14.01˘5.03 min from the NuSTAR observations of Mk 421 during 10-19 April 2013, although those result seems to be obtained from very short segments of the light curves, which show a large slope, although the flux increase factor is less than two. Table 1 . Summary of the 0.3-10 keV sub-hour intra-day variabilities (IDVs) observed in bright high-energy peaked BL Lacertae sources (HBLs) on timescales shorter than 1 ks with Swift-XRT. In Column (1), "Or" stands for "Orbit". The third column gives the duration of the particular observation (in seconds); Columns (5)- (7) give the ranges of the photon index, the curvature parameter and the position of the synchrotron spectral energy distribution (SED) peak.
ObsID(s)
Dates Table 2 . Summary of the 0.3-10 keV sub-hour IDVs observed in bright HBLs on timescales longer than 1 ks with Swift-XRT. In Column (1), "Or" stands for "Orbit". The third column gives the total length of the particular observation; Columns (5)- (7) give the ranges of the photon index, the curvature parameter and the position of the synchrotron SED peak. Table 3 . Summary of the 3-79 keV IDVs observed in Mrk 421 with NuSTAR. In Column (1), "Or" stands for "Orbit". The third column gives the total length of the particular observation; Columns (5)- (7) give the ranges of the photon index, the curvature parameter and the position of the synchrotron SED peak. From the past X-ray observations of Mrk 501, an extreme IDV was reported by [45] when an increase of the 2-10 keV flux by 60 percent in 200 s was followed by a drop by 40 percent in 600 s during the observation performed with the Photon Counting Array (PCA) onboard the satellite Rossi X-ray Timing Explorer (RXTE) on 25 May 1998. However, this detection was attributed to the instrumental effects by [46] . Table 2 gives the summary of sub-hour 0.3-10 keV IDVs observed on timescales longer than 1 ks (compiled on the basis of Kapanadze et al. [12, 15, [17] [18] [19] ). Similar to faster IDVs discussed in the previous section, most of these instances occurred in Mrk 421. They show fractional variability amplitudes of 1.4-20.4%. Some out of these IDVs were accompanied by the variability of the spectral parameters a, b and E p at the 3σ confidence level with different amplitudes up to ∆a = 0.46, ∆b = 0.28 and ∆E p = 1.63 keV. From other bright HBLs, 1ES 1959+650 was active on sub-hour timescales during June-July 2016 when it underwent one of the strongest 0.3-10 keV flares since the start of Swift observations. These instances yielded the fractional amplitude of 6-20 percent and the largest spectral variability by ∆a = 0.09, ∆b = 0.42 and ∆E p = 2.23 keV (see Table 2 ).
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Sub-Hour X-Ray IDVs on Timescales Longer than 1 ks
We revealed 45 instances of the 3-79 keV IDV in Mrk 421 from the publicly available NuSTAR observations performed during January-May 2013. Here, a represents the photon index at 10 keV. The most dramatic variability was recorded during the extended observation on 11-12 April, which was spread over 26 NuSTAR orbits with a total duration of 117 ks. The 3-79 keV count rate showed an increase by a factor of 8.8 in 23.6 h (see Figure 4) , superimposed by a minor flare (a brightening by 50% in 2.2 h) centered on ∆t = 1.09 d since the start of this observation. The flux increase was accompanied by strong spectral hardening by ∆a = 0.45, as well as by shifting of the synchrotron SED peak position by more than 2 keV towards higher energies. The source underwent a sub-hour flux variability during 13 orbits of this observation with fractional amplitudes of 3.5-8.7%, and these instances were characterized by the strongest spectral variability corresponding to ∆a = 0.11, ∆b = 0.26 and ∆E p = 1.52 keV.
As for the X-ray campaigns with other space missions, ssub-hour variability with two overlapping flares of even shorter durations in Mrk 421 was reported by [47] from the RXTE-PCA observations of a high X-ray state in 2001. The work in [48] reported on the two very fast X-ray micro-flares within about 20 min with substantial substructures, implying variability on even shorter timescales. Other instances with the shortest rise or decay time of 1 ks were also detected by the same authors. On 23 October 2002, the RXTE-PCA observation of PKS 2155-304 showed an increase of the 2-10 keV flux by 60 percent during the 1.5 ks interval [49] . 
Discussion and Conclusions
In the framework of shock-in-jet scenario (see, e.g., Sokolov et al. [50] ), longer-term blazar flares can be related to the propagation of a shock moving down the jet, while the interaction between the shock front and jet inhomogeneities triggers shorter-term flares. Moreover, the relativistic magnetohydrodynamic simulations of [51] showed that the shock propagation through an inhomogeneous jet medium can lead to the amplification of turbulent magnetic fields in a shocked area (due to its interaction with higher-density inhomogeneities existing in the pre-shock medium). The higher-energy photons are expected to originate in the smallest areas, which contain the strongest magnetic field, yielding the most rapid time variability (see Mizuno et al. [51] ). (Figure 5b,e) , the 0.3-10 keV IDVs were mostly observed in higher states, and the opposite situation was in November 2013-May 2014 (Figure 5d ). The IDVs in the flaring epochs favor the shock-in-jet scenario (interaction of a propagating shock front with jet inhomogeneities; Sokolov et al. [50] ). IDVs caused by other mechanisms occurring in the innermost blazar area should be more conspicuous when the source is relatively faint, i.e., the variable emission from the black hole vicinity will not be "shadowed" by the huge amount of the flux produced near the shock front (see, e.g., Kapanadze et al. [12, 13, 39] ). We conclude that the importance of the flow disturbances occurring in the innermost AGN region and triggering 0.3-10 keV IDVs could be higher in November 2013-May 2014, and these processes, along with the shock-in-jet scenario, could be at work in 2009-2012. Very fast IDVs are also explained with so-called hot-spot models incorporating fast flares, which emerge at different locations on the accretion disc [52] . In that case, these instances should be more conspicuous when the AGN is in a faint (quiescent) stage, i.e., with no flaring activities in the jet pointed toward the observer. However, this possibility seems less important for BL Lacs since no disc component is evident in their spectral energy distribution. Therefore, accretion discs are thought to be radiatively less efficient in these sources (see, e.g., Fossati et al. [10] ).
Along with the 0.3-10 keV flux, different spectral parameters showed variability on intraday timescales in Mrk 421, the most in 2005-2008 and January-May 2013 when these variations occurred even within 1 ks observational runs (see Kapanadze et al. [12, 18] ). For example, the spectrum softened/hardened by ∆a = 0.07-0.10 in 330-500 s, and the SED peaks' position showed shifts by 1.2-3.2 keV towards higher energies in 400-600 s. Sub-hour flux variability also was significantly more frequent in these periods, especially during the giant X-ray flare in April 2013. The spectral variability of Mrk 421 on sub-hour timescales was less extreme in 2009-2012 and November 2013-June 2015 [15, 19] . We conclude that these differences could be related to the considerably stronger turbulence in the jet area producing X-ray emission in these periods than in 2005-2008 and January-May 2013: a shock propagation can strongly amplify the turbulence in the magnetized jet material. As noted above, the higher-energy photons (including those having the 0.3-10 keV and 3-79 keV energies) are expected to originate in the smallest turbulent areas with the strongest magnetic field, which also can lead to the most rapid flux variability (based on the light-travel argument). Adopting the typical value of the Doppler factor δ = 10 (see, e.g., Fossati et al. [10] , Aleksić [11] ), Equation (2) yields that the size of the jet turbulent area, producing the X-ray emission during the very fast instances discussed in Section 3, can be smaller than 10 15 cm.
The densely-sampled Swift-XRT observations of Mrk 421, performed in April-June 2006 and January-April 2013, as well as the NuSTAR campaign in the latter period showed that the source exhibited an unequal activity on intra-day time scales in different time intervals. This result can be related to the different strength of the turbulence in the corresponding epochs. Therefore, further densely-sampled X-ray observations with Swift and other space missions are crucial for the detection of sub-hour flux and spectral variability, which may yield further progress in our understanding of small-scale structures and very fast processes occurring in the innermost area of these extreme AGNs.
